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I. INTRODUCTION 

General relativity makes remarkable predic- 
tions on the solar scale; however when the galac- 
tic and further still the cosmological scale are 
considered some problems arise. Indeed in 1998 
the observation was made that the Universe is in 
a phase of accelerating expansion [1 which would 
require the existence of an exotic form of matter, 
namely dark energy. It may be that on the cos- 
mological scale new corrections are required. A 
particular class of alternative theories of grav- 
ity that has attracted much attention recently is 
that of / (i?) gravity, in which the Lagrangian is 
generalized from i? to a function thereof. In par- 
ticular it has been found that the acceleration 
may be a result of an additional term in the 
Lagrangian of the Einstein-Hilbert action [3j . 
As in general relativity the field equations are a 
result of varying the action for both the gravita- 
tional field and the matter field. However in this 
class of theories there are three ways of proceed- 
ing on this front. In general relativity the action 
is varied with respect to the metric tensor; fol- 
lowing the same procedure in the / (R) model 
is the first formularism. This paper will focus 
on the second formularism, called the Palatini 
formularism, in which the metric tensor and the 
connection are both considered as independent 
quantities, and the action is varied with respect 
to both of them independently. This is done be- 
cause the field equation would otherwise become 
unsolvable using traditional methods in the non- 
trivial cases. It is important to note that the 
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matter fields still remain dependent on the met- 
ric tensor in this case and do not have a connec- 
tion element to them. The last formularism is 
the metric-affine formularism, where the metric 
tensor and the affine connection are considered as 
geometrically separate entities and so the matter 
Lagrangian will depend on the afhne connection 
in this case. A feature of the resulting field equa- 
tions in this case is that they reduce to the Ein- 
stein field equations of general relativity with a 
cosmological constant as would be expected for 
any generalization of a theory. 
It has been shown that / (R) theories and Ein- 
stein's general theory of relativity are equiva- 
lent if extra matter fields are incorporated in 
the Einstein theory [3]. This is achieved by 
means of making the so called Einstein confor- 
mal transformation {h^^,(j)) where (p is an auxil- 
iary scalar field and /i^^ is related to the original 
metric tensor through the conformal transforma- 
tion g^i, -J> h^y = /' {R)gf^y, where h^^, will be 
put in place of the previous metric tensor g^^ in 
all cases thereafter. However by generalizing the 
original theory the equations appear in a simpler 
form than otherwise. 

Since the original derivation by Hawking |13j 
of the radiation produced by black holes, there 
have been numerous extensions and refinements, 
Refs.[3HS]j just to mention a few. However the 
underlying method is the same; that by starting 
just behind the horizon, particles may be emit- 
ted by means of the fundamental uncertainty in 
position that results from the quantum mechan- 
ical nature of reality. In this way particles may 
be exited through the vacuum by the horizon, 
which in turn tunnel through the horizon toward 
infinity in classically forbidden trajectories. The 
particles are in effect traveling back in time, since 
the horizon is locally to the future of the ex- 
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ternal branch, which is where the particles es- 
cape to. The sum of the particles energy must 
vanish so that energy conservation is preserved 
in total; thus when a particle escapes to infin- 
ity the remaining black hole will lose mass due 
to the negative energy of the remaining group 
of particles which were excited out of the vac- 
uum. Now the action for the trajectories of in- 
falling particles will be real since such paths are 
allowed classically; however the reverse trajec- 
tory, that of particles tunneling through the hori- 
zon will be complex. In essence the probability 
of tunneling is based on the imaginary path of 
this action, or more precisely the probability is 
an exponential decay of the imaginary part of 
the trajectory action. There are in general two 
ways of calculating the imaginary part of the 
action: the Parikh-Wilczek radial null geodesic 
method [7l and the Hamilton- Jacobi method j^. 
These methods are, however, still confined to the 
semiclassical regime, leaving the quantum grav- 
ity problem open. 

It may only be a few years until the production of 
mini-black holes becomes possible with the LHC 
at CERN or in other particle accelerators being 
proposed. Thus it is imperative that the effects of 
quantum gravity be understood as the black hole 
mass reduces to Planck dimensions. In particu- 
lar the significance of gravity in the uncertainty 
principle is how it will enter into the radiation 
process. In this way even without a full descrip- 
tion of quantum gravity some features may be 
calculated such as the temperature and eventual 
entropy of the black hole. It is expected that 
all the forces including gravity will unify at the 
Planck scale, which would make this the min- 
imum length scale of the universe; at this scale 
gravity becomes as important as electroweak and 
strong interactions. 

In this work we consider the Palatini formula- 
rism of gravity and derive the metric for a spher- 
ically symmetric charged black hole. In general 
relativity black holes are classified by a three- 
parameter family, namely, (M, Q, a) or mass, 
charge and the rotation parameter. In the follow- 
ing analysis a fourth parameter is considered that 
of a nonvanishing Ricci scalar curvature, which 
is taken to be constant since otherwise the cal- 
culations would be too complex to solve analyt- 
ically. This is however a cosmological parame- 
ter common to the metric describing the whole 
Universe. We show that the quantum tunneling 
process is modified when the effects of quantum 
gravity are taken into account, with the Planck 
scale as the fundamental scale of nature. We ob- 
tain the radiation tunneling probability of this 
kind of black hole by making a correction to the 



Hawking-Bekenstein entropy using the general- 
ized uncertainty principle (GUP), in which grav- 
itational effects are included. 
The paper generalizes some of the results offered 
by Ref.|12) at a higher order expansion, which 
does affect the final results, as well as introducing 
some new quantities that gain importance over 
the lifetime of the black hole. Furthermore the 
ultimate fate of the black hole is explored as well 
as the heat capacity during all the phases of its 
lifetime. 

The paper uses the signature (—,+,+,+) and 
repeated indices are to be summed. Units where 
c=l^G = h = kB are used unless explicitly 
stated otherwise. The paper is organized as fol- 
lows, in Sec. II the Palatini formularism of / (i?) 
gravity is introduced. In Sec. Ill the metric for a 
spherically symmetric charged black hole is de- 
rived using the Palatini formularism and a con- 
stant scalar curvature. In Sec. IV the tempera- 
ture and entropy are calculated followed by the 
tunneling probability as well as the heat capacity 
and finally in Sec.V we summarize our results. 

II. f(R) GRAVITY 

We start with the action [18] 

5"=^ j d*Xy^ R+ SnU9t^i^,'^m) (1) 

where = Stt, g is the determinant of the metric 
g^i, and S'm is a matter action that depends on 
the curvature of g^jy and the matter fields V'm- 
The Ricci scalar R = g'^'^Rf,^ = ff'R'^^.au is all 
that is needed in the action to produce standard 
general relativity. Indeed by varying the action 
Eq.([T]) with respect to g^i, we find the Einstein 
field equations 

-Rpi' - ^■RSm'^ = (2) 
where r^. = -^||ffr. 

It was just a few years after the establishment of 
Einstein's general theory of relativity that mod- 
ifications were being proposed |1] and by the 
people that had previously provided evidence for 
relativity such as Eddington who had measured 
the light bending angle during a solar eclipse in 
1919. The generalization of Einstein's relativ- 
ity occurs by making the replacement of R with 
f{R)- It is difficult to find a more general the- 
ory, / (i?, R^"'R^,,, ...), due to fatal 
Ostrogradski instabilities that may take hold [10] 
in such cases, not that there are not such theo- 
ries |17j . The condition for stability is given by 
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/" > 0, where primes denote differentiation with 
respect to R. Consider the complete action in 
Palatini gravity [19] 



S 



1 

2^ 



d'^Xy^ f (R) + S'mattcr (ff^i., V'm) 



(3) 

where the symbols have the same meaning as in 
Eq.([T]). For clarity when dealing with Palatini 
gravity it is common to replace R^i^ with TZ^,^. 
Varying the action with respect to and r"„ 
respectively gives the field equation 



5/' mg^'' 







(4) 
(5) 



where F{n) = /'(7^) df/dU and V is the 
covariant derivative defined with the independent 
connection F"^. Taking the trace of Eq.(|4| yields 



F(7^)7^ - 2/(7^) = k^t 



(6) 



This equation will be useful in the physical inter- 
pretation of the field equations, and, in particular 
in deriving the metric. 



III. CHARGED BLACK HOLES IN 
PALATINI GRAVITY 

We consider a spherically symmetric vacuum 
solution in the coordinate system (t, r, 9, cj)) and 
of the form 

ds^ ^ _e2"(^-) df + e^'^^*''^) dr^ + df]^^ (7) 
where 

(8) 



dfl^^ = d9'^ + sin^ o-'^^ 



is the line element of the 2-sphere and the usual 
assumption of vanishing charge is not made. As 
is well known, the solution remains static illi and 
furthermore by considering two elements of the 
Ricci tensor it is found that a and (3 are depen- 
dent upon each other. In particular it turns out 
that 

e2"Mi?„ + e2^('-)i?H = (9) 

which in turn implies that 

a(r) = -/3(r) (10) 

As for the metric tensor, since vanishing charges 
is not assumed, the electromagnetic stress-energy 
tensor will have to be included, which is given by 

T =F FP—^n F FP"^ (W) 



where is the electromagnetic tensor con- 
strained by the Maxwell equations 



VF^, = 



V[^F,,] = 



(12) 



Using the metric ansatz and the electromagnetic 
stress-energy tensor, the only nonvanishing ele- 
ments of the electromagnetic tensor are found to 
be 



(13) 



F32 = -F23 = (47r) ^/^Qm sine (14) 

where Qm and Qe are the total magnetic and 
electric charge respectively. 

The curvature scalar is restricted to being a con- 
stant, i.e. TZ — TZq, and 
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This will limit the generality of the obtained solu- 
tion; however due to the complexity involved an 
analytic solution will be too difficult to find using 
traditional techniques. This is still a considerable 
generalization since a second constant of nature 
is proposed, namely the definitive of f (TZ); this 
may also have cosmological consequences that are 
far different from general relativity [22 [23] . Con- 
sidering the (22)-Palatini field equation gives 



61 (e-2(-«) [r(-2a,)J +1) -i7^or 

2 f Qm , Ql \ 

\2r^{4n) 2r2 (47r) / 
Letting = Q'^ + Ql gives a solution 



(17) 



o2q 



Rs 

r 



bi 



.7^o 
661 



(18) 



and by considering the limiting case of vanishing 
charge and Ricci scalar, while letting F (TZ) 1, 
gives Rs — !• 2M, but otherwise this is just a con- 
stant. 

The Kretschmann scalar is also given since it 
reveals the curvature invariant of this metric, 
and so the inherent distinctions that arise. This 
scalar is defined hy K. — Rf^^aaR'^"'^" , where 
Rpvaa is the Riemann tensor. Given the immen- 
sity of the calculation that is required, this scalar 
turns out to be remarkably simple, and, in par- 
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ticular, it is given by 



which results in a scalar invariant given by 



3blr» (r {6bi{Rs - r) + r^TZo) - QQ'^f 

{l2Q\'^{%l (28r2 - lQ2rR, + 95i?^) 

36lr37^o(32i?s - 33r) + 2iir^nl) - 
6gV3(-366? (3? 



- 32ri?? - 21i?^ 



■ 41r) + 2r37^i^) 



H546tl 



(72i?, 

-2f)r^Rs + 30r2i?2 _ 32ri?3 + l^R^) _ 
366?r37^o (llr^ - 2Ar^Rs + 24ri?2 - 9i?^) + 
96?r67^2 (20r2 - 34ri?, + 21i?^) + hir'^Ul 
{2ARs ~ 35r) + Sr^^W^) - 2mQ^r 
(-276ir + 485ii?, + 2r^no) + 
2bir'^cosec^{e) (r (65i(i?, - r) + r37^o) - 6Q^ 
(36ir2cosec2 (61) - 66iri?^ + 6Q^ + r^i-Uo)) 



(19) 



which is considerably different from the 
Kretschmann scalar for a charged black hole 
with a nonzero cosmological constant in standard 
Einstein-Hilbert gravity. This arises because the 
above curvature invariant has two cosmological 
degrees of freedom, while the one considered 
below has only one. In particular, the metric 
for the Reissner Nordstrom black hole (Einstein- 
Hilbert charged black hole) (see FigjlJ is given 
in Ref.([2T]) by 



(r) dt^ + 



dr^ 



dn^^ (20) 



where 



V{r) = l 



2M 

r 



-Ar2 
3 



(21) 



GR 



3r6 (6M - 3 (Q2 + i) r + r^Kf 
( Zr^A^ ( 126M2 - 6M {2{)Q^ + 17) 



(37Q'* + 65g2 + 30) 



9r^K{ - 72M^ + 12M^ {UQ^ + 8) r 
-4M {19Q^ + 29Q^ + 12) + 
(Q2 + 1) (16Q4 + 23Q2 + 11) r^) + 

27^60M'' - 8M^ (11Q2 + 8) r + 

2A/2 (29Q'* + 40Q2 + 15) - 2M 
(Q' + l) (10Q4 + 11Q2+5) + 

(Q2 + i)2(3 (g4^Q2)^2) r^^ + 

r^A^ (48M - (38Q2 + 35) r) + 
rcosec^ie) {QM - 3 (g^ + l) r + r^A)^ 



12Af + 6QV - 2r3A + 



3rcosec^(6') + 6r^^A 



(22) 
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FIG. 1: Top: The plot of the Kretschmann scalar for 
the Reissner-Nordstrom black hole with a cosmologi- 
cal constant in terms of the radius and the colatitude 
angle for unit mass and with Q — 0.8 and A = 0.01. 
Bottom: The Kretschmann scalar for the Palatini 
charged black hole with again unit mass such that 
Q = 0.8 and with 7^o = 0.01, 6i = 0.05, and Rs = 3 
(However, varying this final constant did not make 
an appreciable difference between the two graphs.) 
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FIG. 2: A qualitative comparison between a charged 
black hole in general relativity with a nonzero cos- 
mological constant and a Palatini charged black hole 
with a nonzero cosmological constant. The figure 
shows that on the small scale there is a fine differ- 
ence between the two metrics, and furthermore the 
fiat planes show where significant differences arise. 

A look at Fig.([2| shows that quantitative dif- 
ferences arise where there are flat planes, signi- 
fying large differences between the two metrics, 
and the fine structural differences, shown by the 
curved parts of the graph. 

In the next section, for completeness, the case of 
a falling observer will be considered for the met- 
ric in Eq.0. 

The Infalling Observer 



Finally we give a graphical comparison which 
shows that this degree of freedom actually has a 
significant effect on the background spacetime as 
shown in Fig. (pi) even for small sample values 



The metric in Eq.Q contains two singular- 
ities which implies that measurements cannot 
be made across such bounds using classical ob- 
servers since measurements in this metric are 
made by an observer at infinity. However, when 
a falling observer is considered, such branches of 
spacetime become attainable. To derive such a 
metric, tortoise coordinates are considered, first 
by defining a new radial variable, r*,hy 



and then by considering a new time coordinate, 
which can be interpreted as the new falling time 
coordinate 

v^t±{r~r*) (24) 

where the positive (upper) transformation refers 
to an ingoing observer and the negative (lower) 
transformation refers to the outgoing observer. 
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Combining this transformation with Eq. ( 23 ) 
gives the final metric 



-1 - 



r 
r 



Q _ ^2 ^0 ] ^^-^ _ 

b^r'^ 6bi 

_ ^2 I _|_ 
6i 6 hi 



2 l':^ _ I ^2^" 

6i 6 5i 



(25) 



This metric is significant because it does not con- 
tain the singularities that the metric in Eq.Q 
has; however, it contains the cross term between 
the radial and the timelike coordinate, meaning 
that the observer must be either falling in or out 
over time. 



IV. BLACK HOLE LIFETIMES 
Entropy 

Now that a charged solution to the Palatini 
formularism has been found, we can move on to 
calculating the entropy of this black hole. In par- 
ticular, we will employ some of the calculation 
techniques used in Ref . [T^ . that is, we will use 
the generalized uncertainty principle in lieu of the 
uncertainty principle when deriving the Hawk- 
ing temperature, which will turn out to predict 
a different fate for black holes. The radii of the 
horizons will first be derived. The roots of 



e^" = 



(26) 



will give the radii of the inner and outer horizons. 
However, there will also be two others roots from 
Eq.(26l, i.e. there will be four roots, which can 



be classified by 



(27) 



where ri will correspond to the cosmological hori- 
zon and Vi will turn out to be negative and so not 
a physical manifestation of the black hole and so 
not measurable by observers at infinity. The neg- 
ativity of r4 emerges from the lack of cubic term 



in Eq.(26), and the cosmological horizon emerges 



out of the fact that the Universe had a beginning. 
Now the inner (or Cauchy) and outer horizons 
will be represented by r_ and r-^, respectively. 
The radii that will represent the horizons given 



by Eq.(26) and satisfying the condition given by 



Eq.(27) are given by 





4326? 



432^3 25926iQ2 3888M262 



'^0 



, /3652 72Q2 



7^n 



2592feiQ2 3888M2&2 



1/3 



7e2 



7^2 



Y 



72Q" 

no 



3X 



Abi X 



(30) 



(31) 



As in Ref. [H] we consider the black hole as a cube 
of side length twice the outer horizon radius; the 
uncertainty in position of a Hawking particle is 
then given by 

Ax = 2r+ 




Applying the uncertainty principle, in its usual 
form, to the energy of the Hawking particles be- 
ing emitted 



AE « cAp 



he 




-Y 



2AMbi 
UoVY 



(33) 



It is then straightforward to calculate the tem- 
perature [13]. Indeed it is related to the outer 
horizon radius by 



T = 



1 



1 

2t:Ax 



(34) 



Now the Bekenstein-Hawking entropy, S, will be 
related to the black hole mass by 



T 



dE 



dM 



(35) 
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since geometric units are being used. Thus using 



Eq.(32|, Eq.(34) and Eq.(35) 



Finally the resulting corrected Hawking temper- 
ature becomes 



. I r- 126i 24M6i 



/ 



dM 




Y 



24M6i 



where A2 = Anr^ is the surface area of the black 
hole outer horizon. 

Because of the extreme nature of the event hori- 
zon of such black holes, terms that are negligi- 
ble in other physical processes can take hold and 
make a significant contribution. In this case the 
interaction of gravity is considered in the emis- 
sion process, in particular the GUP is considered 
[Hflll where 



n 

Ap 



+ a L„—— 



(37) 



where Lp = \J~^ is the Planck length and a is a 
constant, normally set to the order of unity but 
which in string theory is found to correspond to 
the string tension. The second term in Eq.(37) 



relates to the uncertainties due to the gravita- 
tional effects, and so they will only become sig- 
nificant when Ax « Lp. Considering again Aa; 
as 2r_|_ will result in a range of possible values for 



Ap by Eq.(37l, such that 



1- A 1- 



2 r 2 ' 



< 



Ap 

li 



< 




Taking a series expansion of the first inequality 



in Eq. ( 38 ) and taking the lower limit gives 



Ap 




Substituting into Eq.(37l 



Ax' 



= Aa; 


[(- 


^ (Aa:)^ 






a^Lp^ 


(Aa;)^ 


(Axf 



+ 



(40) 



r = 



1 




1 + ^ + 2 ^ 

{Axf {Ax)\ 



(36) 



1 -1 



(Aa;) 



(Ax) 



(41) 



Similar to Eq.(36l the corrected entropy can be 
calculated analogously, leading to 

S'{M) = S{M)-2a^Lp'^B{M)+0{Lp^) 

(42) 

where S (M) is given by Eq.( |36[ ) and 
B (A/) = J dM 



A, 




Y 



24A/5i 



-5' 



(43) 



The Planck correction term becomes fourth or- 
der from second order as in Ref. [T2] due to the 



expansion in temperature in Eq. ( 41 ) being taken 
to fourth order in Eq.(42|. That is, the second 



order term cancels in this case. Thus the entropy 
is modified by a corrected temperature given by 
the GUP. This still returns only values that have 
statistical significance when Planck dimensions 
are reached by the horizon, and indeed it does 
affect the final state, as will be shown. 



Tunneling Probability 

In classical physics any units of mass that enter 
a black hole cannot escape, that is, black holes 
are perfect absorbers. However, the horizon is 
not a classical surface, in that since it is a one- 
way membrane, it may excite particles from the 
vacuum such that they may tunnel through, and 
for those with enough energy, they may escape to 
infinity. Thus, despite there being no such classi- 
cal trajectory, there still is a way for black holes 
to emit through classical forbidden regions, by 
considering the fundamental quantum nature of 
reality. The process of emission is hence a semi- 
classical one, since the event horizon is a result 
of classical physics, and emission through it is a 
quantum process. Using the WKB approxima- 
tion |20j . the tunneling probability is a function 
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of only the imaginary part of the classical action 
of the trajectory /, namely, 

r ^ 6-2^- (44) 

where (/) — Im (/). This can be represented, 
as in Ref . 1161 , as 



.AS 



(45) 



where AS* is the difference between the final and 

initial entropies of the black hole. 

Because of the correction in the Bekenstein- 



Hawking entropy in Eq.(42), the change in en- 
tropy will turn out to be 



where 



AS" = AS - 2a*L/AB 

AS = S (Af -E)-S (M) 
AB = B (M -E)-B (M) 



(46) 
(47) 

, , (48) 

and E is the energy of a particle being emitted. 
Now substituting Eq.(46) into Eq.(45l gives 

(49) 



r' - r Exp [a^Lp^AB] 



which corrects the tunneling probability up to 
the Planck length. This indicates that as the 
black hole reduces in size to Planck dimensions 
quantum gravity takes hold, and an exponential 
factor drastically modifies the emission rate of 
particles through the horizon membrane. The 
effect of the extra factor will be minimal for very 
large black holes; however, the generalized tun- 
neling probability will take effect when consider- 
ing black holes at the end of their evaporation 
process. 



Heat Capacity 

Using the semiclassical approach, the heat ca- 
pacity of a black hole may be calculated by first 
giving the inverse temperature, which is given by 

dS 
dM 

The heat capacity is then given by C 



f3 = T- 



(50) 



which when using Eq. ( 34 ) results in 



dM 
dT ■ 



/I2fei 



1 



Y 



V 7^o 
-I -1 

1 

w 



-Y 



24M6i 
UoVy 



-1/2 



12Mfei 
UoY^ 



(51) 



where 

W = 

and 
Z 



dY 
dM 



36fci 



3X2 



3\/2 



Z 

(52) 



dX 
dM 
1 



-X- 



X-' 



432b{^ 25926iQ2 



7^ 3 



7^ 2 



4326i^ 25926iQ^ 38881/26^2 



V 3 



7^n 



7^n 



7776M26^2 



7776M6i2 



V 2 



(53) 



However when the GUP is incorporated the heat 
capacity becomes 



c 

C 



Y 



12fci _ 



Y 



24M bi \ 



-^Y 



12fci _ Y 



24Mbi \ 



87r5 



(54) 



in which Eq.(41) was used 



When Lp vanishes Eq.(54) reduces to Eq.(51) as 



would be expected. The effects of the general- 
ization will be given in Sec. V along with the 
consequences of the other generalizations. 



The Black Hole Remnant 

As the mass of a black hole with a background 
metric given by Eq.Q vanishes, the heat capac- 
ity also vanishes when the standard uncertainty 
principle is employed; however, when one incor- 
porates the GUP into the theory, the heat ca- 
pacity suddenly vanishes outside of the singu- 
larity at a critical mass, say, M^. This mass 
depends heavily on the cosmological parameters 
TZq and 6i; however it is quite tediously long. 
The point to take from this is that the size of 
the remnant black hole depends very strongly on 
the large scale parameters of the Universe in this 
case. This indicates as in Refs.1241 [251 that the 
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black hole enters a new phase that does not in- 
clude evaporation, and thus a black hole remnant 
would emerge which would truly be a remnant 
since most thermodynamical change would have 
ceased, leaving just the classical singularity and 
the horizons behind. 




M — > P 

c n 

FIG. 3: The process by which the black hole emits 
a series of particles Pi with energy Ei with a prob- 
ability of emission F However, after a certain 
number of particles, say, n particles, has been emit- 
ted, the black hole stops emitting particles, and so 
the probability of emission vanishes, which in turn 
leaves a black hole remnant behind with a critical 
mass Mc- 

The process will follow as shown in Fig.([3]) 
in which particles will be emitted with energies 
El, E2, up to the point where emission 
ceases. 

In this way as the black attains Planck dimen- 
sions, its entropy tends to infinity. Given that 
the entropy increases in this way, the mass can- 
not decrease to zero unless a new quantum grav- 
ity process allows for the dissipation of the new 
degrees of freedom produced by the previous pro- 
cess of evaporation. 



V. CONCLUSION 

Through the Palatini formularism of / (TV) 
gravity, the metric for a spherically symmetric 
charged mass was derived for a constant Ricci 
scalar. This turned out to be the regular de 
Sitter metric for the Reissner-Nordstrom metric 
with some extra and significant factors. These 
factors were found to be strongly dependent on 
the type of / {TZ) gravity being employed. The 
metric introduced in this work thus generalizes 
the general relativistic one; however, a further de- 
gree of freedom is allowed, namely, the derivative 
of the / {TZ) function with respect to the Ricci 



scalar with a constant curvature scalar, which 
was shown to give order or magnitude differences 
in the background curvature, which can be seen 
by comparing Fig.Q with Fig. ([2]). 
For the second part of this paper, the tunneling 
probability for the derived black hole was cal- 
culated. The uncertainty principle with relation 
to the position of the particle was generalized to 
encompass gravitational effects that take effect 
on Planck scales, but still have some minor ef- 
fect on large black holes. In using the GUP the 
temperature and thus the entropy was calculated 
correcting the Bekenstein-Hawking result. Using 
this entropy result, the WKB semiclassical ap- 
proximation was applied, and through it the tun- 
neling probability was calculated for the general- 
ized metric, thus showing a difference between 
solutions in / (7^) theories and those with this 
function being taken as unity. This could poten- 
tially prove vital in differentiating between com- 
peting theories of gravity if mini-black holes are 
produced in particle accelerators. It is in these 
types of black holes that this tunneling proba- 
bility takes on significant practical importance. 
It may thus be possible in just a few years to 
determine the / (TZ) function and whether it is 
actually not unity in reality. 
Finally it was shown how a black hole of this 
nature would proceed to attain Planck scale di- 
mensions and it turned out that the evaporation 
process described by Hawking [T3] cannot make 
the mass vanish in this phase of the black hole 
lifetime due to the gravitational effects of the 
GUP. Lastly the heat capacity was calculated for 
both the standard uncertainty principle and the 
generalized uncertainty principle, giving differ- 
ent masses where this parameter vanishes. This 
quantity is an important factor in black hole ther- 
modynamics because it is inextricably related to 
the entropy and so to the information content of 
a black hole, since AS = —A/, where / is the in- 
formation content of the black hole. At the time 
of publication further work was being conducted 
by Moon in Ref.[2S] 
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